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SHELL THEORY BASED ON INVARTIANTS

V. V. Kuznetsov UDC 539.3

The precise theory is considered for finite strains of a three-dimensional body sub-
ordinate to the hypothesis of holding a normal element against a reference {(central) sur-
face. The first and second invariants of the strain tensor for a Green surface parallel
to the reference surface are used as a measure of physical strains. It is shown that from
the invariants of physical strains it is possible to determine any invariant characteristic
of an elastic body: energy, stress tensor invariants, stress intensity, etc. A general
definition is given for strain invariants of an arbitrary surface as components of the rela-
tive change in the square of a surface element. There is simplification of invariants with
small strains and any distortions of thin shells. Expressions are obtained for the change
in coefficients of the first and second quadratic forms of the central surface for small
strains, and arbitrary and small displacements.

1. Geometry of a Three-Dimensional Body. We assume that R is radius vector of a
three-dimensional body in the undeformed condition which is expressed in terms of reference
surface radius vector T and the unit vector of the normal to the surface in the form:'R =
r'+zn. In the general case T will be assumed to be independent of arbitrary curvilinear
coordinates aj. Coefficients of the first invariant form of the reference surface @i; =
r,r,;, and for the surface z = const Aj: = R;R;. Here and subsequently i, j = 1, 2: in-
dices after a comma signify differentiation with respect to aj. The vector of the normal
to surface z = const coincides with the vector of the normal to the base:11==ﬁ4ﬂra)d;fm.
For further convenience we adopt the following definition of the value dBY which depends
on the coefficients of any two quadratic forms Bjj, Yij(dBY # dyg):

Bis Pre
Yor Va2

dBV = det

= P11Ves — PraVar-

Then d, = a4, —al, is discriminant of quadratic form ai-daidaj. The square of an element
of area dF? of surface z = const has the form dF? = dppdo,2da,?. We assume that deforma-
tion of a three-dimensional body follows the hypothesis of holding a normal element against

a reference surface [1]. In the deformed condition RY — pv +—znv, a%::r%ﬂ; A¥:==quR¥’nV =

(rX)(rg)dX{”j{ dFV2==dXAdafda§. Here for dgp, where Bij = Yijv’ we adopt the symbol dYYV'
2. Determination of Physical Strain Invariants. We consider surface z = const in

the deformed condition. Assuming Aijv = Aij + ZEij and formulating the ratio dF¥V2/dFZ,
we obtain

dFVEaF? = 1 + 21, + 4l gp; (2.1)
Iz = (dag + dga)ldaa; (2.2)
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Ipg = dggldya; (2.3)

Eij = (1/2) (RYR) —R.R ). (2.4)
We explain the meaning of Ig and Igg. If we take as curvilinear coordinates a; Cartesian
coordinates X in a tangential plane at point 0 of surface z = const, then at this point

Ajy = 845, Aj:V = 8§39 + 2Ej4% (835 is Kronecker symbol). Here by Ej;* we understand ex-
pression (2.43 calculated at point 0O in coordinate system xj, Eij*, i.e., components of
Green physical strains. These measures of strains are physical in the sense that in terms
of them it is possible to express actual elongations and shifts without drawing on the
metrics of the surface. Elongation of element dx; [2, 3] equals [(1 + 2E11*)1§2 - 1]. For
small strains Ej4* are actual elongations and shifts. Expressions (2.2) and (2.3) in co-
ordinate system x; take the form

Is = EYy + B3 Ing = Eq By — B

According to the definition in elasticity theory [2, 4], Ip and Igy are first and second
invariants of the strain tensor (the other three strain tensor components for a three-

dimensional body E;.¥*, E,3%, Ez3% are zero in view of the deformation hypothesis adopted
in Part 1). As shown in elasticity theory, with affine deformation the ratio of areas

dFV/dF of elementary figures constructed on vectors R,da;, R,,do; does not depend on figure

~shape and dimensions, and it is a characteristic of physical deformation at a point. In
view of (2.1)

dFV/aF = (1 + 205 + Al pp)'%. (2.5)

Thus, Ip and Igg are connected with the relative change in area of an. elementary figure.
An approximate equality dFY/dF = 1 + Ip is known which is obtained from (2.5) with small
strains. 1In the case of an arbitrary set of coordinates aj expressions Eij (2.4) will
not be physical strains. Equations (2.2) and (2.3) make it possible to calculate the in-
variants of physical strains without moving to calculation of individual components of
Eij*. Methods for writing Eij* in terms of Eij are studied in tensor analysis {1, 2].71
In future we shall only consider the definition of invariant values.

3. Relationships for Elasticity and Energy. The elastic properties of an isotropic
body may be represented by relationship between invariants of physical stresses and
strains, and also expressions for the density of energy Ily in a unit volume V of an elastic
body. If it is assumed, as in classical shell theory, that at any surface z = const there
are no stresses 055* normal to the surface, then the stressed state at a point is governed
by two invariants of physical stresses:

*
Is =071 + 059 Tgo = 07,050 — 073
(05 % are components of physical stresses in the coordinate system aj = x;). In the case
ij p phy i i
of a linearly elastic body there are the following expressions (taking account of o53* = 0):

Is=2(+wIg Iso=MM+ 2w 1% + 4u*/Er,
Oy = (1/2) [(* + 2u) I} — 4plgx].
Here A and u are Lamé constants for a plane stressed state connected with elasticity modulus
E and Poisson's ratio v by the equalities A = VE(1 = v2), 2u = E/(1 + v). As characteris-

tics of the stressed state it is also possible to take other invariant values, for example,
by using in strength theories the intensity of stresses ¢ (equivalent stress):

o = (1% — 3I4)"2

+It is noted that the relationship between Eij* and Ejj is ambiguous until no orientation
is indicated for physical vectors e; (eje;=39,) with respect to reference vectors R, which
may generate a new definition of components Eij*.
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The total energy of an elastic body I is described as the integral through the volume of
energy densityt

= {yav, av = d¥3dzda, da,.
g

Equilibrium equations are obtained from energy principles which use the variation of energy
8. The main values of stresses 0,;% and 0,* are found easily from invariants as the roots
of a quadratic equation ¢%? — I50% + I55 = 0. The relationships provided show that the
main problems of deformable body mechanics may be formulated in invariants.

4. Precise Relationships. According to (2.2), (2.3), I, Ipg at an arbitrary point
are determined by the values A;j; and Ejj which are expressed in terms of characteristics
of the reference surface. The corresponding relationships have the form

A5 = ay; + 22b;; 4 %5 (4.1)
E;; = & -+ 2y -+ (12)2%v45 (4.2)
bijj = —nry;, ¢ = Il;'ill\-j; (5.3)
b= —n'r, ef =nnj; (4.4)

g5 = (1/2) (al\é —_ ai,-), Wiy = bzyj-— bijy Vi3 = c}/j — Cije (4.5)

Here —bij(—bijv), Cij(cijv) are coefficients of the second and third quadratic forms¥ of an
undeformed (deformed) reference surface; kij and vjj are changes in coefficients of the
second and third quadratic forms of the reference surface with deformation. Egquations
(4.1)-(4.5) make it possible to find Iy and Ipp in terms of the radius vector of the refer-
ence surface 1’ in the deformed condition. These expressions together with (2.1)-(2.4)
are correct with arbitrary strains and displacements, and they are precise for a three-

dimensional body subordinate to the hypothesis of holding a normal element against a refer-
ence surface.

5. Approximate Relationships for Ig, Igg, Iy, I. It is possible to obtain from Eqgs.
(2.2), (2.3), (4.1), and (4.2) approximate relationships for thin shells in which the cen-
tral surface is taken as the reference surface. We provide a simple version based on the
assumptions of technical thin shell theory with small strains for the central surface Eij*'
Ignoring the change in Ajj in a parallel surface and terms of the order of z? in (4.2),
we have Ay = ajj, Eij = €44 + zxy3. By determining Ig and Igg from (2.2) and (2.3) with-
out additional assumptions we obtain

Ip=1TIy+4 2l Iy = I,, + 2l,, & I,
I, = (daa + dsa)/daaa Iee = dsa/daa:
Ix = (dax + dua)/daa’ Imt = dxu/daa?

(5.1)
Iex = Im-: = (dsn + dxa)/daa,

where I, Ioc (Iy, Iy ) are first and second invariants of the strain tensor (curvatures)
of the central surface. Explicit expressions in terms of €13 and K{j have the form

Te = dag (@55811 + 11895 — 2.58,),
Iy = dc;ll (811822 - 8§2)7

I, = dag (Gg%a1 + G1%gs — 2015%55),
Lo = dog (%11%22 - ”%2)*

Ton = dag (RgaBis + R11€ag — 2¥19815)-

A presentation of the energy of a three-dimensional elastic body in terms of a canonic
tensor and its invariants is given in [5].

¥Coefficients of the third quadratic form are expressed in terms of coefficients of the
first two forms [6].
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For energy density Il in a unit area F of the central surface and total energy I we find
that

Op =Ty + Mg, cn = B3M2, Tpg = (1/2) R [(A + 2) 12 — 4],
Mpe = (1/2) en [(M + 20) 12 — 4pl,0.],
I— (1pdF, dF =di da, da,
F

(h is shell thickness).

Similarly we determine invariants of the tensors of physical forces I and Ipp and
moments Iy and Iyyv, and also the intensity of forces T and moments M:

Ip=2h(A+ p)Ie, Irp = R2[A (A + 2p) I2 + 42T,
Ing =2, (A + p) Iy
Iym=ct [7» A+ 2012+ 4u21,m],
T = (It — 3I0)Y2, M = (I3 — 31 ym) .

The main values of forces and moments are found as roots of quadratic equations

T*? — I, T* 4 Ipp = 0, M — IyM* -+ Iyp=0.

In the case of reversion to zero of one of the main values of forces T,* = 0 and
moments M,* = 0 (for example with cylindrical bending) T = |T1*i, M= (Ml*l. With bending
without strains for the central surface deeV = dee. Gaussian curvature of the central sur-

face, which is the second invariant Iy} of the curvature tensor, remains unchanged:
Ibb = dl%)/dt\zla = dbb/daa-

Then I (5.1) takes the form I, = —Ip, = —(d¢p + dp)/das > i.e., I, the same as for
I, is linear with respect to the Kij invariant. The relationships obtained in part 5 for
the invariants of thin shells are correct with small strains of the central surface and
any curvatures.

6. Approximate Relationships for ﬂV’V,Sﬁa“ﬁ- With small strains and arbitrary dis-
placements €43 and Kij should be calculated by precise Egqs. (4.5). Simplification is only
possible for the vector of normal nV taking account of &;, %ij (this equality is precise

for an unstretched central surface, and in the general case d&u=tha(14—213%-4fm»3

nY (e xrh) da’®, e = (1/2) (¥ — xir ;) wiy=— (nVxf; — nr35)- (6.1)

As follows from (6.1), with any displacements of a solid €13 = Kij = 0. Assuming
V=r4+uwn'=n+v {u, v are vectors for displacements of the central surface and displace-
ment of the normal) we obtain from (6.1) without additional assumptions geomechanically
nonlinear relationships

v=dzg" (U, X1,5 + 1,1 Xu5 + u,,Xu,), (6.2)

eij = (12)(ru; + rpu; b wymy), % = —(vey; + nug; + vugg). )
Expressions (6.2) or their equivalents (6.1) determine all the values required in order
to calculate the invariants in part 5. If the vector for displacements u is expanded
over a local basis i the surface, then arbitrary u; are found using derivation equations
for vector of the basis. With expansion of vector u with respect to unit vectors common
for all of the surface of a Cartesian coordinate system derivation equations are not neces-
sary since calculation of derivatives of the vector is reduced to determining normal deriva-
tives of its components.

In the case of small displacements the relationships in Part 5 remain in force, and
(6.2) may be linearized:
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v = dgg? (u Xrp + 1y XU ),
g = (U2)(ru; -+ rgu), gy = —(vr;; -+ nu ).

It is noted that it is also possible to obtain other approximate expressions for invariants
of thin shells in the theory in question by expanding (2.2) and (2.3) into series with
respect to powers of z.

7. The formulation and solution of boundary problems in nonlinear shell theory is
connected with unknown difficulties. Direct variation methods based on using finite func-
tions are currently most effective for shells of arbitrary shapes and boundaries [7]. Here
a continuous system is brought to a system with discrete parameters. The version of the
theory discussed gives a comparatively simple mathematical technique for work with curvi-
linear shell elements. A distinguishing feature of the theory is determination of values
which are objective characteristics of strains which retain their numerical values at a
given point of a body independent of the curvilinear coordinates adopted [8]. Equilibrium
equations for a discrete system may be obtained from conditions of energy stability. 1In
this case variation of energy is reduced to a finite number of variable parameters. If
discrete parameters have a physical meaning (for example radius vectors and unit vectors
of the normal at certain points of the surface [9]), then force boundary conditions are
found naturally from variations in energy. Here both static and kinematic boundary condi-
tions may be imposed. The structure of energy variations for discrete nonlinear shell
models and also questions of algorithmization of computations have been discussed in [10,
111]. ‘
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